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Abstract

A model is developed for the interaction of the Ekman boundary layer with a compliant two-dimensional surface. To study
the hydrodynamic instability of this interaction a new accurate numerical framework extending the compound matrix method
is introduced. Preliminary results are presented on the implications of the compliant surface on the stability of the Ekman layer
which show that the compliant surface has negligible effect on the critical Reynolds number.

O 2003 Editions scientifiques et médicales Elsevier SAS. All rights reserved.

1. Introduction

The Ekman boundary layer is an exact solution of the three-dimensional Navier—Stokes equations, and it is fundamental
to the theory of ocean circulation. In an infinite ocean on a non-rotating Earth, the seawater would always move in the same
direction as the wind that set it in motion. On a rotating Earth, the surface water is deflected to the right (left) of the wind in
the northern (southern) hemisphere. Historically, the oceanographer Nansen observed that the drift of surface ice was angled
at 20-40 degrees to the right of the wind direction in the northern hemisphere, and he attributed this effect to the Coriolis
force. Although the rotation rate is small, the Coriolis force is not negligible compared to the slow drift velocities. Based on
this suggestion, in 1905 the Swedish physicist Ekman [1] studied the equations of motion showing that a balance between the
pressure gradient, the Coriolis force and frictional term resulted in an exact solution, in the absence of horizontal boundaries.
The Ekman solution shows that motion of each deeper layer is deflected to the right of the one above. The mean velocity can
be represented by a vector that decreases in magnitude exponentially with depth and changes angle linearly with depth forming
a spiral when viewed from above, now called tleman spiral as shown in Fig. 1. Ekman spiral flows can be created in the
laboratory and have been observed in both atmospheric and oceanic flows. For example, boundary layer velocity profiles that
approximate the Ekman layer occur in the atmospheric boundary layer to a height of about 1000 m, and in wind driven surface
layers of the ocean to a depth of the order of 50 m [2]. Although oceanic and atmospheric examples of Ekman layers always
involve turbulence, due to the rough boundary surfaces, one can assume that the mean flow is steady and laminar.

The steady laminar Ekman layer is an exact solution of the Navier—Stokes equations, making it attractive for theoretical
analysis. It has the added advantage that it is a boundary layer with a constant geostrophic velocity and constant boundary layer
thickness, and so it is strictly parallel. In this paper the interaction of the Ekman layer with a compliant surface is modelled
and analyzed. As far as we are aware, this interaction has never been studied, and as far as we are aware there is no obvious
application of this interaction. The motivation in this paper is fundamental: to consider the Ekman layer as a prototype of a
three-dimensional rotating flow, and to use it to get insight into the effect of an adjacent compliant surface on the hydrodynamic
stability of rotating three-dimensional flows. For two-dimensional boundary layers, there is already substantial evidence for
transition delay due to the boundary layer flow interacting with a compliant surface (Carpenter [3]).
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Fig. 1. A schematic of the Ekman spiral illustrating geostrophic oceanic flow induced by wind stress in the northern hemisphere. (Diagram
reproduced from Vanyo [2].)

The hydrodynamic stability of the Ekman layer adjacent to a rigid surface has been thoroughly researched, starting with the
work of Lilly [4], e.g., [5-14]. Theory has confirmed the existence of two forms of instability in the Ekman layer. These are
referred to asype 1 andtype 2 instabilities. The type-1 instability is an inviscid cross-flow type instability and is a consequence
of an inflection point in the velocity profile, whereas the type-2 instability is a travelling wave of viscous type, similar to a
Tollmien—Schlichting mode.

The experiment of Faller [15] was concerned with the stability of the steady laminar boundary-layer flow of a homogeneous
fluid which occurs in a rotating system when the relative flow is slow compared to the basic speed of rotation. Ekman flow
was produced in a large cylindrical rotating tank by withdrawing water from the centre and introducing it at the rim. This
created a steady-state symmetrical vortex in which the flow from the rim to the centre took place entirely in the shallow viscous
boundary-layer at the bottom. In these experiments, an unstable boundary layer was detected above a critical Reynolds number
of about 125, now known to be the type-1 instability. However, Faller and Kaylor [16] obtained numerical solutions to the time
dependent non-linear equations of motion starting with a perturbation on the finite difference equivalent of a laminar Ekman
solution, and the numerics showed the presence of the two distinct modes of instability.

At about the same time, the theory of Lilly [4] confirmed the existence of the type-1 instability, but he also found that
the most unstable mode for the Ekman layer is a travelling type-2 mode with a critical Reynolds number of around 55 and
angle of orientation relative to theaxis (i.e., the direction of the primary pressure gradient) approximately-20 degrees.

The most accurate values to date for the critical Reynolds number are due to Melander [6] wh&§osirteh. 155042 with
e~ —233261. The onset of the type-1 stationary wave instability is predicted theoretically to occur at a Reynolds number of
about 11275.

Although type-2 travelling waves have a significantly lower critical Reynolds numbers than the type-1 waves, it is the latter
that are more commonly observed in experiments. Analysis of the relative growth rates of the two modes reveals a more rapid
growth associated with the inviscid type-1 mode, which would suggest that even though it is the viscous type-2 mode which
first becomes unstable, the growth of the inviscid mode would be sufficiently greater than the former to dominate at higher
Reynolds numbers. This provides an explanation for the difficulty in detecting the type-2 mode at higher Reynolds numbers
in experiments. However, it could also be due to experimental measurement techniques that filter out travelling waves; see 85
of [4] for a discussion of this point. Indeed Faller [15] did in fact detect the type-2 instability and noted qualitative features
essentially corresponding to Lilly’s numerical results, although, it was observed erratically.

The laminar Ekman layer has similarities with the Von Karman boundary layer (steady axisymmetric incompressible flow
due to an infinite disk rotating in a still fluid). Whilst studying the stability of the Von Karman boundary layer, Lingwood [17]
discovered the significance of a third class of instabilities, which was first noticed by Mack in 1985 [18]. This third class is
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an absolute instability produced by a coalescence of the inviscidly-unstable mode and a third mode that is spatially damped
and inwardly propagating. Although, it is difficult to confirm the existence of an absolute instability experimentally, because
absolute instability is a theoretical concept based on spatially homogeneous systems and an experiment would examine the
global response of the real spatially inhomogeneous flow, experiments of Lingwoood provided strong evidence for the physical
significance of this absolute instability. Direct numerical simulations of Davies and Carpenter [19,20] of the real, spatially
inhomogeneous, flow showed that there is no linear amplified global mode associated with the absolute instability in the case
of the rotating-disc boundary layer, and this is fully consistent with Lingwood’s experimental data. This type-3 instability has
also been found theoretically in the Ekman boundary layer by Lingwood [13].

It is clear that a comprehensive study of the effect of a compliant wall on the stability of the Ekman flow, or more generally
the stability of three-dimensional rotating flow, will require study of the impact on all three types of instability. However, the
recent work of Cooper and Carpenter [18,21] have considered in detail the type-1 and type-2 instability [18] and the type-3
instability [21], for the case of the rotating disc with a compliant surface. In this paper, as a starting point, we consider the
impact of a compliant surface on the neutral curves of the Ekman flow for the type-2 instability, which is the one occuring at
lowest Reynolds number. The results are quite surprising, in that they show a neglible effect on the stability, even with very
compliant surfaces. With the same compliant surface properties, the effect on the Blasius boundary layer is significant [22,23].
To be more precise, at moderate-to-high Reynold’s number there is a significant wall-compliance effect on neutral curves for
the Blasius boundary layer [22], but less so at lower Reynold’s number, although the effect on instability growth rates is always
more pronounced.

On the other hand, the results found in this paper are consistent with the results obtained by Cooper and Carpenter [18] for
type-2 instabilities in the rotating disc. There they found that, in terms of neutral-stability curves, relatively low levels of wall
compliance had a strondpestabilizingeffect on the type 2 instability, shifting the critical Reynolds number from a value well
above that for the type 1 to a value well below (see Fig. 2 of [18]). For higher levels of wall compliance this destabilizing effect
weakened. Evidence that this destabilization is associated with horizontal wall displacement is given in the recent numerical
experiments of Davies and Carpenter [20]. There they found that wall compliance (using a Kramer-type compliant surface) has
only a very weak effect on the stability of the type 2 disturbances for the von Karman flow.

An outline of the paper is as follows. In Section 2 the basic equations and Ekman solution are set up, and in Section 3 the
hydrodynamic stability problem is set up. Since the Ekman problem is on an unbounded domain, the stability problem will
have both discrete and continuous spectra. In Section 4 the continous spectrum is identified following work of [7,9,14], and
the implications for the numerical scheme are discussed. The model for the compliant surface is developed in Section 5. The
model we use is an extension to two space dimensions of the Kramer-type model first introduced by Carpenter and Garrad [22].
It is effectively the equation for a vibrating plate with a spring term, a tension term and a damping term included, driven by the
pressure in the fluid. The parameter values we use in the surface model are the same values used in the results in [22] which are
consistent with Kramer’s experiments. The coupled stability problem is summarized in Section 6.

Section 7 forms a significant part of the paper. It introduces the numerical framework for the linear stability problem. The
three approaches to solving hydrodynamic stability problems numerically in the literature are [24]: (a) matrix methods based
on finite-difference or spectral discretizations, (b) shooting with orthogonalization, (c) shooting with the compound matrix
method. For eigenvalue problems on infinite domains, matrix methods create a significant number of spurious eigenvalues, due
to fracturing of the continuous spectrum, and incorrect boundary conditions must be used to preserve linearity in the spectral
parameter. An extreme example where a significant number of spurious eigenvalues is generated (indeed, it appears that the
number of spurious eigenvalues tends to infinity as the discretization length tends to zero) is presented in [25].

Method (b), orthogonalization, results in non-analytic solutions [26], and on infinite domains there is the added problem
that asymptotically correct boundary conditions may not preserve analyticity. The compound matrix method is clearly the best
approach to hydrodynamic stability problems on infinite domains. The approach we use here is motivated by the compound
matrix method, which has recently been re-developed using exterior algebra [23]. In addition to making the method coordinate-
free (i.e., any basis can be used), the new developments include automation of the construction of induced systems, formulation
of boundary conditions, role of analyticity, role of the Grassmannian and the use of geometric integrators for integrating the
equations [23]. In Section 7 we give a detailed derivation of the equations and boundary conditions, and the issues associated
with analyticity for the case of hydrodynamic stability problems@ﬁwith three boundary conditions at= 0 and a three-
dimensional subspace of decaying solutions as co. Rigorous asymptotically correct boundary conditions are derived, and
then a new numerical algorithm for setting up the boundary conditions numerically is presented based on an idea suggested
in [23]. Sections 8-10 then give results for computed neutral curves, firstly for the case of a rigid wall and then for the case of
a compliant surface interacting with a type-2 mode of instability.
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2. Three-dimensional rotating flow and the Ekman layer

Consider a boundary layer flow over a rotating flat plate extending infinitely in the streamenase] spanwisey, directions
with vertical directionz extending fronz = 0 to z = co. The plate is represented by the plane 0, and the axis of rotation is
vertical rotating at constant angular veloci®y

The governing equations are the continuity equation

uy +vy +w; =0, (2.1)

and the Navier—Stokes equations relative to a rotating reference frame [2],

2 1 1
ur + uity +vuy +wuz + R—Opx — R—gv: R—e(uxx +uyy) + R—ouu,
1 2 1 1
v +uvy +vvy + wug + R—Opy + R—Ou = R—e(vxx +vyy) + R—ovzz, (2.2)

1
w +uwy +vwy + wwz + Pz=R_(wxx+wyy)+R—wzz.
e o

RoEy

These equations are dimensionless and the non-dimensionalization is as follows; whlekes are dimensional,

x* y* 1 z* Uso
X=—, Yy=—F, I=—F7x=—5, I=—71",
L L E, L L
u* V¥ 1 w* p* (2.3)

u

=—, v= W= =, =—,
Uno Uno VE Uo7 7 p2LU
whereUx is the geostrophic velocity in the farfield,is the fluid density, and the dimensionless parameters are

Uco

v _UOQL _
QL

Ek == W, Rg == T and R() (24)
The only unusual aspect of this non-dimensionalization is the use of the Ekman number to scale the vertical direction and the
vertical velocity field. Indeed, for the rigid wall problem, the Ekman number can be scaled out of the linear stability problem
completely (see comments at the end of Section 3). However, when the coupled Ekman-wall problem is considered, the Ekman
number no longer disappears. Maintaining the Ekman number allows independent variation of both the rotation rate and the
length scale (this is discussed further in Section 9).

The parameteE, is the Ekman numbeR, is the Reynolds number arg}, is the Rossby number. These three numbers are
related by

Ep = .
k R,

The boundary condition at the surface is the no slip condition (the boundary conditions for a compliant surface will be considered
later)

u=v=w=0 atz=0.
In the farfield, the velocity is asymptotic to the geostrophic velocity field. In dimensionless coordinates, this condition is
im u(x,y,z,t)=1 and Ilimv(x,y,z,t)= lim w(x,y,z,t)=0.
7—>00 7—>00 7—>00

It is straightforward to verify that the full nonlinear problem has an exact solution, the Ekman boundary layer gylsere
an arbitrary constant).
ux,y,z,1)=U(x)=1—€ *cosz,
v(x,y,z,1) =V(z) =€ *sing,
(x,y,2,0) () 2.5)
w(x,y,z,1) =0,

p(x,y,2,t) =—2y + po.
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3. Linear stability of the Ekman boundary layer

The Navier—Stokes equations linearized about the Ekman boundary layer take the following form,

1 2 1 1
ur +Uuy + Vuy + Uzw + R—opx — R—ov = R—e(uxx +uyy) + R—OuZZ,
1 2 1 1
v+ Uvy + Voy + Vw4 R_()py + R_ou = R—e(vxx +vyy) + R—Ovzz, (3.1)

1
wr +Uwx + Vwy + = — (wxx + wyy) + ——wz;.
’ R ’ R,

—Ro £y Pz

The system is completed by adding the linearized continuity equatioq vy, 4+ w; = 0. Introduce a normal-mode form of
solution,

u(x,y,z,t) i(z)
;))((fc i}zztt)) = %((Zz)) d(@x+By—wt) 4 complex conjugate (3.2)
px,y,2,1) @)

The phase speed for the waves is defined byw/y wherey?2 = 2 + 2. Substitution of the normal-mode solution into the
linearized equations (3.1) and the continuity equation leads to

i +iB0 +w; =0,

. o B . A A A 2. A
iyRo| U+ =V —clu+ R U;w+iap —20 =iiy;; — y“Exi,
Y Y

. a B . 2 (3.3)
IyRU<—U+ -V —c)lA)—I—RgVZTE—I—I,Bﬁ—I—Zﬁ:f)ZZ — y2E0,
14 14
B Ne
lYyRo| =U+ =V —c|w+ p; =wz;; — Yy Erw
These equations can be simplified by using a rotated velocity field. Let
g=%v+blyv  az%usfy
A
Vv=Lu-—-v, @s=La-=9,
Y Y 14 14
then the governing equations simplify to
iy +w; =0,
iy Ro(U — c)ii + RoU, +iy p+ 20 = iiy; — yEpii, 5
.5

iy Ro(U — ¢)0 + Ro Vo — 20 = i, — y2Eyd,
iyR,,(ﬁ — )W p; =Wy — V2E 0.

The second equation can be solved for the pressure. Substitution of the pressure into the fourth equation reduces the system to
a pair of coupled ODEs faib and¢. Givenw and®, # is then obtained from the third equation of (3.5). Let

¢@=w() and ¥(z)=iyi(z),
then the governing equations fgrand+ are
M2¢ — iy Ro(U — )Mo + iy RoUz2¢ + 29, =0, 36)
My —iyRo(U — )¢ —iyRoVop — 26, =0
with M := ¢, — y2Ex¢ and boundary conditions
$(O0)=¢(0)=¢,(00=0 and ¢,¢;,¥ >0 asz— oc.

If E; is set equal to unityR, = R., and these equations reduce exactly to those of Lilly [4].
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It will be useful to express the wavenumber vediey 8) in polar coordinates,
a=-—ysine and B =y cose. 3.7)
The rotated velocity field can then be written in the form

U = —sing(1— &% cosz) + cose €% sinz,
- (3.8)
V =cose(1— e % cosz) + sine € % sinz.

It is tempting to scale out the Ekman number from the linear stability equations (3.6). With the substitution

7=yVEr and R,=Ro/VEx,

the Ekman number is eliminated from (3.6) and the boundary conditions. However, when the compliant wall is added the
boundary conditions change, and it does not appear to be possible to scale away the Ekman number.

4. Continuous spectra and the system at infinity

In this section, more precise boundary conditions at infinity are derived. These boundary conditions are affected by the
position of the continuous spectrum. As is typical of stability problems on unbounded domains [9], the Ekman problem has a
branch of continuous spectrum. This spectrum can be determined by studying the system (3.6) in the liajtthe “system
at infinity”.

The z-dependent coefficients of the ODE (3.6) decay exponentially to constant values-as. Therefore “system at
infinity” is

d2 ) 2 ] - d2 2
-5 7 Ey ¢_|VR0(U00_C) Y Ey |¢ +2¢; =0,
dz dz 4.1)

o2 . ~
(g2~ 72 ) = i Rol@oc = )y~ 200

The general solution can be expressed as a sum of exponentialg(d)et eZd and v (z) = e*“4) wherep is in general
complex and¢, ¥, u) satisfy the “nonlinear in the parameter” eigenvalue problem

[(MZ—VZEk)Z—A(MZ—VzEk) 2 ]<¢3> o

where
. ~ . ~ LA . o A .
A=|yR0(Uoo—c)=lyR0(Uoo—l—>=|yR0(——I—>=R0(k+|a)
14 14 Y

usingi = —iyc and

~ L~ . o B o

Uso=lim U= lim |[-U@Q+=-V@|=—.

7—>00 7—>00 ‘J/ ‘J/ ‘J/

The eigenvalue problem (4.2) has a nontrivial solution if and only if the determinant of the coefficient mdjxix).),
vanishes where

(12 = y2EQ)? = A? = y?Ep) 2u
A, 2) = det .
—2p (ne—yoE) — A
2
= (K2 = v2E) (n® —y2Ex — A)" + 42
= u®— faut+ fou® — f3 4.3)
with
f1=3y2E; + 2Ry (A + ia), (4.4)
f2=4+ 3y E2 + 4y2E, Ry (L + i) + RZ(A + )2, (4.5)

fa=y2E((v2Ex + Ro O+ )%, (4.6)
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Fig. 2. A schematic of the position of the continuous spectrum of the Ekman hydrodynamic stability problemawheén and a schematic of
the position of thex-eigenvalues wheh lies to the right of the continuous spectrum.

A solution of (4.1) is exponentially decaying as> +oo if Re(u) < 0 and exponentially growing as— +oo if Re(u) > 0.
The continuous spectrum, where(R¢ = 0, separates these two regions,

oc={reC: A(ik, 1) =0, k eR}.

The continuous spectrum of the Ekman problem is well known [7,9,14] and, using the present notation, it can be expressed in
the form
V2Ey 4 k? 2k }
— M) =—a+ ——+————, keR

RN |
and a schematic of the continuous spectrum is shown in Fig. 2.

If A ¢ ¢, then anyu € C satisfyingA(u, 1) will have nonzero real part. Therefore, for ang C with Re(A) > 0, itis clear
that A(u, A) = 0 has six complex roots all of which have non-zero real parts. It is not difficult to show that three of these have
positive real part and three have negative real part [7,9,14]. A schematic of the positioruefdbes of A = 0 for all A with
Re(A) > 0 is shown in Fig. 2.

Henceforth we assume that e > —(y2/RU)Ek and letuq, up andug be the three roots ofi(u, ) = 0 with positive
real part, and left4, us andug be the three roots with negative real part. Then it is clear, that any solution of (3.6) which is
bounded ag — oo has to be asymptotic to a linear combination of the eigenvectors associatedwitly and i.g. The most
natural way to formulate this is in terms of the eigenvectors associateduitlxo> and 3 and this will be done in Section 6.

acz{AE(C: Re(A) = —

5. Modéllingthe compliant surface

The compliant surface is modelled using a generalization of the Kramer-type model introduced by Carpenter and Garrad [22],
extended for a two-dimensional plate adjacent to a three-dimensional fluid. The Kramer-type compliant surface is a simple
plate-spring surface-based model. It is assumed to be constructed of an elastic plate (or tensioned membrane) supported above
a rigid surface by a vertically aligned array of springs. A schematic of the model is shown in Fig. 3. The various parameters
characterising the surface properties are estimated for the actual Kramer coatings using data reported in [22] (see Section 9 for
actual data). The only new parameter which does not appear in [22] is the rotatioh, fate this will be expressed in terms of
known parameters and the Ekman number.

This type of model is an idealistic representation for the wall and is not an accurate representation for all the types of wall
used in experimental studies [3]. Nevertheless, it is a start enabling us to estimate what effect wall compliance may have on
Tollmien—Schlichting type instabilities in rotating boundary layers. This model for the wall has the advantage of leading to a
problem which is computationally efficient.

After non-dimensionalizing and linearizing, the kinematic condition at the surface, that is, the surface velocity equals the
fluid velocity, takes the form

u+U;(0¢=0  v+V,0¢, w=¢ atz=0.
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P, Elastic plate

Viscous fluid substrate Array of springs Rigid surface

Fig. 3. A schematic illustration of the theoretical model for a compliant surface.

In the derivation, the rate of change of deformations in the plate surface are neglected [27], thredvertical surface
displacement, is made dimensionless in the same way as the vertical coordiBteinating¢ from the first two equations,
introducing normal mode form with rotated coordinates leads to a boundary condition in tegnasdf)

U+ V.9, =0 atz=0. (5.1)

With the normal-mode ansati,and v can be expressed in terms ®f iyci = U;(O)w, iyct = V;(O)w. Combining these
expressions with the continuity equation leads to the second boundary condition

cp, + U, (0)p=0 atz=0. (5.2)
Setting up the dynamic condition is a little more work. After non-dimensionalization, the dynamic equation of the wall is
—3/2,—
Cimétr + Cati + CpA%L — Cr AL + Cket = —Ef 2R pwan(x, v, ), (5.3)
whereA =92 + 8y2 and

Usob d BU
C,y = P2 R Cy=——\ Cp=—R3 cCr=
p v pUso pv3

T _ vkg
pUsov R, l» Cke = p—3Re- (5.4)
00 Uso

Eq. (5.3) is a straightforward generalization of the dynamic equation in [22] to two space dimensions. Note that the
dimensionless parameters take the same form as in [22]. The rotation rate appears here in the Ekman number multiplying
the pressure. If we sdi; = 1 and neglect spanwise variatiop = 0, the equation for the wall reduces exactly to the equation
used in [22] (when the substrate is neglected).

The dimensionless numbeRs and E;. appear becauske and$2 have been eliminated in terms of them,

2

VRE and 2 = L — U;.O
Uso ExL?2  vE R2

The dimensional parameters have the following definitigp:is the material density, is the fluid densityp is the plate
thicknessy is the fluid kinematic viscosityl/« is the farfield geostrophic velocity, is a material damping parametér,is the
bulk modulus of the material] is the material tension parametgy; is a spring constant for the spring backing the plate, and
Pwall 1S the fluid pressure acting on the plate.

Normal mode substitution, and use of the relation betweand, leads to the following form of (5.3)

L=

iy cpwall + Ey) "R TB =0 atz =0, (5.5)
where
F=y202CM+ichd—CBy4—CTy2—CKE. (5.6)

This third boundary condition is completed by substituting an expression for the pressure at the wall. The piggsige
obtained by evaluating the second equation of (3.5)=a0 and then replacing with w using the continuity equation resulting
in

1
2

. (¢r22 — v2Exg, +2y) atz=0. (5.7)

Pwall =
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Combining this expression with (5.5) leads to the final form for the dynamic boundary condition

. 3/2
ic(¢zz — y2Exd: +29) + yE*ReT'p =0 atz=0. (5.8)

Whenvy = 0 andE;, = 1, this condition reduces exactly to the boundary condition for a compliant surface interacting with the
Blasius boundary layer (cf. Egs. (4.9), (4.12) and (6.5) in [22], §11.1.2, §14.2 and Eq. (11.5) in [27] and Eq. (7.2) in [23]).

In summary the three boundary conditions for (3.6} at0 due to the compliant surface are the two kinematic conditions
(5.1) and (5.2) and the dynamic condition (5.8).

6. Thestability problem for an Ekman layer interacting with a compliant wall

In this section, the hydrodynamic stability problem is put into a canonical form for the numerical framework to be introduced
in Section 7. First Egs. (3.6) are put into the standard form of a first-order system. Introduce the vector

Uz, &) = (u1(z. ), ..., ug(z. 1) € C°,
where the components afare defined by
ur=¢, up=¢z, uz=¢zz, U4=¢zzz, us=Y, ug="y:.

Then this vector satisfies

u; =A@z, MU, ueCl rec, (6.1)
where

- 0 1 00 0 07
0 0 10 0 0

A3 — 0 0 01 0 0 ’ 62)
—a(z,») b(z,A) 0 0 0 —2
0 0 00 0 1
LiyR,V, 2 0 0 b(z,A)—y%E;y 0

with

az, ) =y EZ +iy?RoEr(yU —ir) +iy Roly; + iR, (y T —id), 63
b(z,%) = 2y2E; +1Ro(y T —id).
In terms of the vectou the boundary conditions at= 0, associated with the compliant surface (5.1), (5.2), (5.8), can be
expressed in the form

aj()-u(z,M)l,=0=0, j=123, (6.4)
where
cose — sine 0 y2E3?
ir/y cose + sine V°AEr/(ReT)
0 0 0
ag(A) = . ap() = . ag(\) =
1(2) 0 () 0 3(A) _3J(R.T)
0 cose — sine —20/(R.T)
0 0 0

The product in (6.4) is the usual dot product but without complex conjugation. (If a Hermitian inner product is used, the vector
a; (1) is just replaced witfa; (1).)
The three boundary conditions (6.4) are not independent for all values of the parameters. For example=vthiéns
easily seen thady (1) is a multiple ofag(x). Therefore these boundary conditions are not valid.fer0. Whenx # 0, it is easy
to check that the boundary conditions are independent if eosine # 0. Therefore we will assume henceforth that

A(cose — sine) # 0. (6.5)

In the limit as the compliant surface approaches a rigid wall, the boundary conditions (6.4) should reduce to the rigid-
wall conditions. The rigid wall limit appears in the boundary conditiong/@s— oo. This limit is the reason thaf is
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placed in the denominator in the vec@ms(1). Then, in the limit agl"| — oo the boundary conditionaj (1) - u(0,1) =0
andag(x) - u(0, ) = 0 reduce tap (0) = ¢’(0) = 0. And then, with (6.5)ax(A) - u(0, ) = 0 reduces tay (0) = 0. Therefore,
the rigid wall limit is a well-defined limit of the boundary conditions (6.4).

We now turn to the boundary conditions to be applied &tL, whereL, is some large value of. The idea is to derive
asymptotically correct boundary conditions. They are derived using properties of the system at infinity (4.1).

In terms of the system (6.1), the system at infinitujs= A~ (A)u where

Axc(A) = lim A(z, 1),
Z—> 00
and

deful — Acc(M)] = A, 1),

where A(u, 1) is the characteristic polynomial defined in (4.3). ke(d), j = 1,2, 3, be the adjoint eigenvectors Ako (1)
associated with the eigenvalup§, j =1,2,3, which have positive real part,

nj ()\)*[Aoo()\) - Mj'] =0 or [Aoo()»)* - M_jl]nj (*)=0.
Note that eachy ; (1) is not an analytic function, bu; () is analytic. Therefore, define
bjm=n;n), j=123
Then, the appropriate boundary conditions at L. are
bij()-u(z Ml=1,=0, j=123 (6.6)

It is not difficult to show that these boundary conditions are asymptotically exact [2&P%ach fixedr. However,
if any of the {u1, u2, u3} coalesce then these boundary conditions may become singular. The eigenvalues coalesce when
A, &) = Ay (i, &) = 0. This pair of equations reduces to a quarticXof herefore in general one can expect four points in the
A plane where eigenvalues in the $gt, 2, 3} coalesce. This difficulty is a fundamental problem with the use of individual
eigenvectors. However, this difficulty will disappear when the stability problem is formulateﬁ%@ﬁ) in Section 7. The
reason is that the subspace spatir), n2(1), n3(A)} is analytic even though individual eigenvectors may not be analytic. On
/\3(((35) the three-dimensional subspace<8fare points and therefore the problem disappears.

In summary, the linear stability of the Ekman layer coupled to a compliant surface reduces to solving the ODE (6.1) subject
to the three boundary conditions (6.4)zat 0 and the three asymptotic boundary conditions (6.6)-atl ., with the exact
problem obtained in the limik oo — oo.

7. Numerical integration of ODEson A3(C8)

This section is effectively independent of the rest of the paper. Notation from the rest of the paper will be used for consistency,
but the algorithm will be described in general terms.

The problem is to integrate a linear system of ODE€8nwhich are defined on an intervak [0, co] with three boundary
conditions at = 0 and three asymptotic boundary conditions appliegkatl », for someL », > 0. The ODE takes the standard
form

Uy =A@z MU, uecCS (7.1)

with A(z, A) a smooth function ot (at least continuously differentiable) and an analytic function &ér all A in some open
subset of the. plane. The matrixA (1), defined in the usual way, is assumed to exist and to have a 3-3 splitting: three
eigenvalues with negative real part and three with positive real part faradlinterest.

The boundary conditions at= 0 take the form (6.4) with each; (1) an analytic function, and the boundary conditions at
7 = Lo take the form (6.6). Even though the individual vectbfga) may not be analytic for all of interest, this will not be

important in the algorithm, becausiee induced boundary condition QN3((CG) will be analytic[23].

7.1. The induced ODE op\3(C®)

The boundary condition at= L, defines a three-dimensional subspac@%hnd the boundary condition at= 0 defines
a second three-dimensional subspacéjﬁfTherefore the problem reduces to finding a path of three-dimensional subspaces
which satisfy (7.1) which link the two boundary subspaces. A subspace spanned by three linearly independent vectors such as
{a1, ap, a3} can be represented as a papta ax A az in the larger vector spaq&3(C6), wheren is the wedge product.
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Letey, ..., e be a basis fo€8, then the set of all nonzero elemestsh €; A g form a basis for/\3(<CG). The dimension

of /\3(((35) is % = 20. A basis for/\3(<CG) is then formed by taking a standard lexicographical ordering,

O1=e neyne3 h=e A€ A€y, ...,000=€1/AE5AEp.
In terms of this basis, any < /\3(66) can be expressed as

20
U= Z Uj@j.
j=1

Givenany basis forC8 there is then a standard procedure for constructing the induced systﬂﬁ((ﬁ]@) [23]. The induced
system can be written

U, =A@ U, Ue A3(CP) =c?, (7.2)

whereA(3)(z, 2) is a 20x 20 matrix. If we take the standard basis o, then the form of the induced matrix qN3((CG) is
given in the Appendix. The induced system (7.2) will be integrated numerically frenf., to z = 0.

7.2. The initial conditions at = Lo

The asymptotic boundary conditionszat L~ define a three-dimensional subspacé:@f Let&1 (1), £2(A) andéz(r) be a
basis for this space:

spar{£1(4), £2(1), &30} = {u € C® b1(4) -u=bp(X) -u=bz(x) - u=0}.

When the eigenvaluega, us, ug} are distinct, the vectors (1), £2(A) and&z(A) are just the eigenvectors corresponding to
the eigenvalues o0&, (1) with negative real part.

The natural starting vector for the integration of (7.2) is any nonzero multiplg @) A &2(1) A &3()) € /\3((05). This
approach is effectively the one proposed by Ng and Reid [30] to be used with the compound matrix solution of the Orr—
Sommerfeld equation on a semi-infinite interval.

This approach has two problems. Firstly, it is not in general possible to construct this basis in such a way that it is analytic
for all 1 of interest. For example, at certain values\afigenvalues in the séf1, 12, 13} may coalesce causing singularities.
Secondly each eigenvector would need to be computed, and then combined using the wedge product to get the starting vector.
Both problems are eliminated by working directly M(CG).

Taking the limitz — oo of AG® (z,)) leads to a matriAg%) (2) which is just the induced matrix associated Wik, (1)
[23]. Moreover, the eigenvalues A@ () are just the set of positive three-fold sums of the eigenvalués.ofi.). Therefore,

since there are exactly three eigenvalueg\gf(1) with negative real part, there is a unique simple eigenvalu@@f(k) of
largest negative real part. Denote this eigenvalue_pg.) and its eigenvector by (1),

[AD () — o5 (Wl 20]¢4 () =O. (7.3)

The vectors4 (A) is a constant multiple afy (L) A £2(1) A E3(1), but the way it is constructed, it will be analytic for allaway

from the continuous spectrum. The matmg%)(k) is a 20x 20 matrix and in general its eigenvalues will have to be found
numerically.

Therefore the strategy is as follows for fixkdconstructAg) (1) and compute numerically all its eigenvalues using a global
solver (e.g., QR method); pick out the eigenvatugr) of largest negative real part, and compute its eigenvegctor). This
eigenvector is then the starting vector for the integration

Uy =A@, U, Loo<z<0, U@ Ml=r,, =L+ ().

However, this algorithm is only for a fixet. It is not analytic as we vary. For example, solve (7.3) for two fixed values,
sayig andig + i, numerically. What is the limit
A h) — A
lim {+(ro+h) — &4 ( 0)?
h—0 h

Sincey (A9 + k) and ¢4 (Ag) are computed independently, and there is no natural scaling of eigenvectors when computing
numerically, this limit will not in general exist. In other words, the numerical continuation will not be analytic. A second issue
that arises is that the derivative of (1) will be needed for a Newton algorithm. Both of these issues are solved by constructing
an analytic ODE fok (1), extending a similar construction in Section 6 of [23] (see also [31]).
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Differentiate (7.3) with respect tb,
d , ,
(AR ) = 0 01) 36+ 0) = AR W54 () + 0} )24 6. (7.4)

To obtainadxg()\), it is necessary to solve this system. However, the mm@ (A) — o+ (M1 20) is singular sincert (1) is
an eigenvalue and so, by construction its determinant vanishes.
The idea is to reformulate this system in a way that it can be solved numerically. First, note that a necessary and sufficient
condition for the singular equation
3 d

(AR G = o4 W1 20) -6+ (1) =T
to be solvable is that

(n+), fic =0,

wheren4 (1) is the left eigenvector associated with the eigenvaluéxr), and(-, -)c is the standard Hermitian inner product
on €20, Application to (7.4) shows that} (1) should satisfy

d e, AR W ()e
— o ()=
dr (n+ ), L+ M))c

The idea is to reformulate (7.4) as an augmented systeGfén

[(Aé%)m — o () —<;+(A>] (:MA)) _ (—Aé?’(xmm) .
—n+ ()" o J\ojeh 0

Solving this system yields bot}, (1) ando’, (1).

Solving this system for fixed provides the derivative which is used in the Newton algorithm below. It is not difficult to
show [23] that the coefficient matrix on the left-hand side of (7.5) is invertible always (this follows from the fagt ttatis a
simple eigenvalue), and so (7.5) can be formulated as a differential equatipp(forin the A plane, and therefore it provides
a framework fomumerical analytic continuatianThis numerical analytic continuation will not be needed in this paper, but it
is needed if one wants to use Cauchy’s theorem to find numerically the number of eigenvalues inside a specific contour.

(7.5)

7.3. The boundary conditions at the compliant Wall,qﬁ((Ce)

The induced boundary condition at the wall M(CG) is constructed as follows. We propose that the correct boundary
condition is

a;(A) Aag(h) Aag(rh) U@, 1) =0, (7.6)

where the vectorg; (1) are the boundary condition vectors in the compliant wall boundary conditions (6.4), angfiresents
a real dot product oy 3(C8).

To verify this, we need to derive a representation for the inner produ;ﬁ(ﬁ@G). Consider the real case: the inner product
on RG, denoted(-, -) induces an inner product on the vector spAc’é(]Re) as follows. Let

X=X{ AXpAX3 and y=y; Ay2AYy3
be any real decomposable 3-forms. Then the inner productafly is defined by
(X1,y1) (X1,¥2) (X1,¥3)
[x.y]3 = [x1 AX2 A X3,y1 A X2 AX3]3 défd&{ (X2.y1) (X2.¥2) (X2,¥3) } .
(X3,¥1) (X3,y2) (X3,¥3)

It is easy to check that this definition satisfies all the properties of an inner product.
Therefore given any decomposable elenégmt /\3(((35) the inner product

(7.7)

[[al/\az/\as,U]]:g:O

only if the vectors that make up satisfy the boundary conditions at 0, leading to (7.6). The vector on the left-hand side of
(7.6) can be expressed as an eIenyQﬁ((CG) ~ (20
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q@) == a1(d) Aaz(r) Aag(h)
= A(cose — sineg)(0, g2, ¢43,0,0,0,0,48,0,0,0,0,0,¢14,0,0,0,0,0,0), (7.8)

using the definitions of tha; (1) in (6.4) with
2

(cose + sing) 2(cose +sing)  y4Ey . . 3/2
= 7 =— — cose —sing) +iyE;’ ",
q2 Rl q3 Rl REF( )+ivE;
_ (cose — sing) B ix
qg = Rl ) q14= S Wak

Note that the hypothesis (6.5) appears in a clear way when the boundary conditions are appdﬁdl@)’] Define the complex
analytic function ofa,

D) =q(x)-U0, 4), (7.9)

whereU(0, 1) € A3(C®) is the solution of (7.2) evaluated at= 0. The dot product is just the standard inner producRéf
(i.e., no complex conjugation). Therefore the boundary conditian=a0 is just D(1) = 0.

7.4. Eigenvalues and Newton’s method

The stability problem reduces to finding zeros of the complex analytic fun@ign. In this paper, the main tool we will
use is Newton's method. For fixed values of the parameters, given a good first gugsgéanted by.g, a new sequence of
approximations is given by

D(An)

-—F, n=0,1,....
D' (hn)

Ant1=An

Now, D’(A) =qg’(A) - U0, 1) +q(A) - %U(O, A). The easy part of this construction is differentiatong.),
ix
YR I”

whereey 4 is the 20 dimensional vector with unity in the 14th entry and zero otherwise. To get an expressigd f@r.), we
integrate the augmented system

d ( U ) [ AB®(z, 1) 0 ]< U ) <U(LOO,A)) <§+(A)> 7.10)

dz \a,U/)  [5A®z 0 ACEv\U)’ UrLoo,2) ) \ZL)/)” '
where an explicit expression for the derivativerdf) (z, 1) is obtained by differentiating the originab66 matrix,A(z, 1), with
respect to. and then using the algorithm which takes the original matrix to the induced ZDmatrix to find%A@ (z, M),

andd, ¢+ (1) is obtained as shown in Section 7.2. Combining these constructions leads to a robust Newton algorithm to find
roots of the complex functio®(1).

qm = %q(k) + (cose — sing)eq 4,

8. Curvesof neutral stability for therigid wall

For the case of the Ekman boundary layer adjacent to a rigid wall, the parameter dependence of the linear stability problem
reduces to four parameterg; ¢, R. and E;. However it was noted at the end of Section 3 thatcould be scaled out in
this case, and hence we gt = 1. The main goal of this section is to check the code and compare with existing results in the
literature on the Ekman stability problem, by constructing neutral curves and the minimal Reynolds number.

In order to find a point on a curve of neutral stability, two of the parameters,jeande, are fixed at some reasonable
values and the zeros of Re (equivalently In{c)) are found by varying the third paramet®y,. Figs. 4 and 5 show two points
of view of the neutral surface. Fig. 4 shows slices of consianand Fig. 5 shows slices of constant

In the computation of neutral curves a valuelgf, = 10 was used, and when computing the critical Reynolds number, the
effect of Lo, was checked and this data is shown in Table 2. The equatior;(sscmﬁiﬁ) are integrated using a second-order
Gauss—Legendre Runge—Kutta method. It was shown in [23] that GL-RK methods preserve quadratic invariants well, which
is important when integrating 0}4\3(66) (see comments in Section 11). Two types of numerical continuation were used in
constructing the neutral curves. For simple curves, the continuation procedure used was just linear extrapolation, and this was
used for constructing the curves in Fig. 5. The curves in Fig. 4 are more delicate and there an AUTO continuation procedure
based on arc-length continuation was coupled with the equations.
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Curves of neutral stability for the Ekman layer at various Reynolds numbers
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Fig. 4. Curves of neutral stability (constaRt slices of the neutral surface) for the Ekman-layer for various Reynolds numbers (i, $he
plane.

Curve of neutral stability in the Re-y plane of the Ekman boundary layer over a rigid plate
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Fig. 5. Curves of neutral stability (constanslices of the neutral surface) for the Ekman layer in(Reg, ) plane for rotation angles-30°,
—14° and 13.

The neutral curves in Fig. 4 show excellent agreement with existing results in the literature. The most accurate results to
date are due to Melander [6] and Fig. 4 shows excellent qualitative agreement with Fig. 4(a) of [6]. A quantitative comparison
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Table 1
Comparison of critical Reynolds number calculations for the Ekman layer with
results in the literature

Reference Wave type Re wcy 21 Ja &
Faller [15] 2 55 - 24 -15
1 118 — 11 10-12
Lilly [4] 2 55 0.187 21 -20
1 110 Q050 11.9 7.5
looss et al. [5] 2 54.2 Q95 19.88 -23.3
Melander [6] 2 54.15504 .09489 19.869 -23.3261
1 112.75847 ®M5182 11.397 7.2021
Allen [27] 2 54.15504 9487 19.872 -23.3261
Table 2
Effect of stepsize and ~, on the critical Reynolds number
Loo Stepsize Orientation angle, Im(c) Re(c) Critical R,
10 002 —233261087464691  —9.96864D-11 516278927369 54551938068
50 002 —23.3261087464691  —9.4532D-11 0616072311672 54551889885
100 Q02 —23.3261087464691 .8258D-11 0616323500359 54550527485
500 Q02 —23.3261087464691  —7.21280D-11 0616323500656 54550525485
300 Q01 —23.3261087464691 81736D-11 616323524212 54550413485
Melander [6] —23.32610874647 0 6163019690056 545503924999

is given in Table 1, and it is clear from this data that the numerical scheme shows excellent agreement with [6]. Table 2 then
shows the effect of stepsize afd, on the critical Reynolds humber.

The neutral curve separates regions of linearly stable perturbations from linearly unstable regions. The Ekman spiral is
unstable to perturbations corresponding to parameter values inside the contours. The critical Reynolds number of the class of
perturbations is determined by minimisationRf under the constraint that Re = 0. This point is marked by éx) for the
type-2 instability in Fig. 4 and is listed in Table 1 together with some existing theoretical results from the literature.

9. Numerical valuesfor the compliant wall parameters

The compliant surface brings in a range of new parameters. The Ekman number can differ from one, and then there are the
5 dimensionless parameters (5.4) associated with the wall. The strategy is to use parameter values for the wall that have been
used in the Blasius boundary layer interaction with a compliant surface [22]. Compliance has a noticeable effect on the neutral
curves in the case of the Blasius boundary layer and so it provides a baseline to compare against.

In order to compare with the neutral curves in Section 8 the Ekman number will be set to unity. It was observed in [23] that
wall damping and tension have little effect on the neutral curves (see however comments in the concluding remarks section).
Therefore we consider only three nonzero parameters associated with the wall

Usob BU vk
Cp=Lm2Cp=1 cp= —2R7%. Cke=—sRe. (9.1)
p v pv Pl

Parameter values of the physical quantities in these dimensionless numbers will be estimated using data that is typical of
Kramer’s experiments [22]. The fluid parameters are chosen to be representative of seawater

p=1025kg m3 and v=137x108m?/s L.

The material density is chosen to be representative of natural ruljpes:945 kg- m—3, and the material thickness is taken to
beb = 2 mm. The geostrophic velocity is taken to be 18snl. The material modulug and spring functiort are treated as
functions of E, the wall rigidity,

B=89x1019EN.-m and kg =230E,

where E is given in units of N- m—2. Substituting these values into (9.1) leads to the following expressions for the wall
parameters
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| 24226421
m = R, ,

E
Cp = 607822745, (9.2)

e

CKE = 2.2918x 10713 (230ER,).

Note that these coefficients are identical to those used for the Blasius interaction with a compliant surface (cf. [23] Eq. (7.4)).
This correspondence was chosen, because if the Coriolis force is neglected, the linear stability equations (3.6) reduce to the Orr—
Sommerfeld equation, and therefore the stability properties should be similar to those of the Blasius-wall interaction. However,
we find that the Coriolis term leads to rather different behaviour.

10. Curves of neutral stability for the Ekman-compliant wall interaction

With the form for the coefficients (9.2) the wall is represented by a single pararfietdre wall rigidity, andE — oo
corresponds to the rigid wall. The stability problem now depends on four paramRgerg; ¢ andE. In this section we present
some preliminary results on the effect of compliance. Choosing a representative neutral curve from Section 8 we compute the
effect of varyingE.

In Fig. 6, the computed effect of wall compliance on stability of the Ekman boundary layer flow is shown for the fixed
Reynolds numbeR, = 60. The parameteE is varied while keeping all other parameters fixed. The computed results show
that wall compliance has an insignificant effect on the neutral curves at low Reynolds numbers, where the type-2 instability is
dominant. Fig. 7 shows a blown-up version of Fig. 6 indicating that there is some quantitive effect although small. The only
qualitative effect is that the trend is towards stabilization.

Although the results shown in the above figures are in strong contrast to the Blasius-wall interaction, where fedhasing
a significant effect on neutral curves, they are consistent with the results of Cooper and Carpenter [18] for type-2 instabilities
in the rotating disc. There they found that, in terms of neutral-stability curves, relatively low levels of wall compliance had a
strong destabilizing effect on the type 2 instability, shifting the critical Reynolds number from a value well above that for the
type 1 to a value well below (see Fig. 2 of [18]).

At larger Reynolds number, we also begin to observe a more noticeable effect on neutral curves. Fig. 8 shows the effect of
wall compliance on the neutral curve for the Ekman boundary layer for fixed angle of orientaior,30.0. The Reynolds
number is allowed to vary to large values where the type-1 instability would begin to become dominant. There is a clear
stabilization effect beginning to appear for the type-2 instability. The neutral curves for the Ekman compliant surface interaction

Neutral curve for the Ekman boundary layer at R =60 with varying compliance on the surface
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Fig. 6. Effect of wall compliance (represented by the wall rigidityfor the Ekman layer aR, = 60.
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Neutral curve for the Ekman boundary layer at RB=60 with varying compliance on the surface
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Fig. 7. Blow up of the neutral curve in Fig. 6 showing the small effect of wall complianég at 60.

Effect of wall compliance interacting with the Ekman boundary layer
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Fig. 8. Neutral curve for the Ekman layer foe= —30 showing the effects of wall compliance.

begin to depart from the curve corresponding to the rigid wall by being displaced downwards and start to show a turning point
similar to those observed in the Blasius-wall interaction [22,23].
The dotted curves in Fig. 8 end because a singularity is encountered, which we suspect is associated with a mode coalescence,

since in the Newton scheme the derivativg 1) tends toward zero at that point.
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11. Concludingremarks

A model and numerical framework for the stability of the Ekman boundary layer, a three-dimensional rotating mean flow,
have been presented. Our preliminary numerical results suggest that wall compliance has a very weak effect on the stability of
Ekman-type rotating flows.

Of the possible choices of numerical method for the stability problem, such as matrix methods (finite difference, spectral
methods), shooting with orthogonalization, shooting with compound matrices, we argued that a scheme based on the latter has
the best features for stability problems of this type. Asymptotically exact boundary conditions can beasset-gtin a way
that preserves analyticity.

There is an open question about the numerical integratio}\%(ce) however. We argued for the use of Gauss—Legendre
Runge—Kutta methods, and the numerical results certainly support this choice. However, a central feature of integration on
/\3((C6) is the appearance of quadratic functions which should be preserved by the integrator. These functions define the
Grassmannian, which is the manifold of three-dimensional subspaces, and it is implicit in the whole construction that this
manifold be preserved. For the case/\)?((C"') there is only one quadratic function and it is proved in [23] that this invariant is
preserved to machine accuracy when integrating the Orr—Sommerfeld equa;m%(@ﬁ) using a GL-RK method. However,
the preservation of the Grassmannian/lsgﬁ(@s) is still an open question.

The results presented here on interaction between the Ekman layer and a compliant surface suggest little impact of
compliance on hydrodynamic stability. But it is clear that a wider parametric study is needed before definitive conclusions
can be drawn. Some questions are: (a) what is the effect of compliance on the type-1 and type-3 Ekman instabilities?
(b) While there is little effect on the neutral curve, what is the effect on the value of the growth rates for unstable waves?
(c) Damping and tension have negligible effect in the Blasius wall interaction. However, there are cases where damping has
been shown to have substantial effect (cf. Wiplier and Ehrenstein [32]. Will damping or tension have any effect in the rotating
3D case? (d) Will a different wall model have a different effect? (e) What is the effect of changing the Ekman number?
(f) What is the singularity that is encountered in Fig. 8? (g) Is there a physical application of the Ekman compliant wall
interaction?

Appendix

In this appendix, the explicit form for the induced mattil® (x, 1) is given, for the case where the standard basi€fois
used. Itis

r 1 2 3 4 5 6 7 A
all+a22+a33 a34 a35 a36 —a24 —a25 —a26
a43 all+a22+ ad4 a45 a46 a23 0 0
a53 ab54 all+ a22+ a55 a56 0 a23 0
a63 ab4 ab5 all+ a22+ a66 0 0 a23
—a42 a32 0 0 all+ a33+ad4 a45 a46
—a52 0 a32 0 a54 all+ a33+a55 a56
—a62 0 0 a32 ab4 a65 all+ a33+ a66
0 —a52 ad? 0 —a53 a43 0
0 —a62 0 a4?2 —ab63 0 a43
0 0 —a62 a52 0 —ab63 a53
a4l —a3l 0 0 a2l 0 0
a51 0 —a3l 0 0 a2l 0
a6l 0 0 —a3l 0 0 a2l
0 a51 —a4dl 0 0 0 0
0 a6l 0 —a4l 0 0 0
0 0 abl —a51 0 0 0
0 0 0 0 a51 —a4l 0
0 0 0 0 abl 0 —a4l
0 0 0 0 0 abl —a51
L 0 0 0 0 0 0 0 R
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r 8 9 10 11 12 13 14 B
0 0 0 ald alb al6 0
—a25 —a26 0 —al3 0 0 als5
a24 0 —a26 0 —al3 0 —al4d
0 a24 a25 0 0 —al3 0
—a35 —a36 0 al2 0 0 0
a34 0 —a36 0 al2 0 0
0 a34 a35 0 0 al2 0
all+ ad4+ a55 a56 —a46 0 0 0 al2
ab5 all+ ad4+ a66 a45 0 0 0 0
—ab4 ab54 all+ a55+ a66 0 0 0 0
0 0 0 a22+ a33+ ad4 a45 a46 —a35
0 0 0 ab54 a22+ a33+ a55 a56 a34
0 0 ab4 a65 a22+ a33+ a6 0
a2l 0 —a53 a43 0 a22+ ad4+ a55
0 a2l 0 —a63 0 a43 ab5
0 0 a2l 0 —a63 a53 —ab4
a3l 0 0 ab52 —ad2 0 a32
0 a3l 0 a62 0 —ad2 0
0 0 a3l 0 a62 —a52 0
L abl —ab51 a4l 0 0 0 a62 .
r 15 16 17 18 19 20 B
0 0 0 0 0 0
al6 0 0 0 0 0
0 al6 0 0 0 0
—al4d —al5 0 0 0 0
0 0 albs al6 0 0
0 0 —ald 0 al6 0
0 0 0 —ald —al5 0
0 0 al3 0 0 al6
al2 0 0 al3 0 —al5
0 al2 0 0 al3 ald
—a36 0 a25 a26 0
0 —a36 —a24 0 a26 0
a34 a35 0 —a24 —a25 0
a56 —a46 a23 0 0 a26
a22+ ad4+ a66 a45 0 a23 0 —a25
a54 a22+ a55+ a66 0 0 a23 a24
0 0 a33+ ad4+ a55 a56 —a46 a36
a32 0 a65 a33+ ad4+ a66 a45 —a35
0 a32 —ab4 ab54 a33+ a55+ a66 a34
L —a52 ad2 a63 —a53 a43 a44+ a55+ a66-

whereai;j represents the; ;th entry of the matrixA(z, 1). Note that this form agrees precisely with the form found by [33]

using the compound matrix method. However, this form was obtained betimistandard basis foE® was chosenlf a
different basis forC® is chosen, then the resulting induced matrix would be different from that obtained with the compound
matrix method.
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